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Problem 1.2

The Dirac delta function in three dimensions can be taken as the improper limit as o — 0 of the
Gaussian function

1
D(a;z,y,2) = (27T)_3/2a_3 exp —ﬁ(ﬁ + %+ 22)

Consider a general orthogonal coordinate system specified by the surfaces u = constant,
v = constant, w = constant, with length elements du/U, dv/V, dw/W in the three perpendicular
directions. Show that

S(x—x")=6(u—u)o(v—2)o(w—w) UVW

by considering the limit of the Gaussian above. Note that as & — 0 only the infinitesimal length
element need be used for the distance between the points in the exponent.

Solution

Observe that D(a;x,y, z) can be written as a product of three one-dimensional functions.

_ _ 1
Dlcs1:2) = (20) 0 S exp | 515 (a4 o7 + )
- 1 1 z? y? 22
- (2m)3/2ad P 7242 T 222 202

- [ (o)) [imae (3)] [maee ()
= D1 2)Di(a;y)Di(a; 2)

By definition, the delta function satisfies the following two properties.

(1) Sz —a')=0, x#a

@) / Sz —a')dz = 1

The aim, then, is to show that D (a;x) satisfies them in the limit as & — 0 (more accurately, as
a — 0T). Start with the first one, assuming = # /. Note that a®?lna — 0 as o — 07.

(x —a')

n o 11 2 1 [ 1 (x —2')?
Jim, Dilesz —al) = Hm —=Zexp | == 5| = = lim exp In | ) e | =55

1 lim e _1 1 (x —2')?
=—— limexp|In{— ) - ——5+
V21 a—0t P L

2a21na—|— (x — x’)g]
= —— lim exp

V2T a—0t I 202

1 y (v —2')? 1
= —— lim exp |— =
V2T a—0t P L 202 2

e =0
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Now check the second property.

00 00 1 1 2 1 1 00 2
lim Di(a;z — 2')dzr = lim —— —exp —M dr = —— lim / exp T dq
a—0t J_ a—0t J_oo V2T & 202 V2T a0t o

=1

Consequently,

lim Di(a;x —2') = §(x — 2)

a—0t
and

lim Di(esy —y') =d0(y — )

a—0t
and

lim Di(a;z —2') =6(z — 7).

a—07t

By taking the limit of D(o;x — 2/, y — ¢/, 2 — 2’) as @ — 0", we obtain the delta function in three
dimensions.

lim D(o;x—2',y—vy',2—2")= lim Di(o;x —2")D1(c;y — v )D1(; 2 — 27)

a—07t a—07t

= | lim D;(a;z — x/)] [ lim Dj(o;y — y’)] [ lim Di(a;2z — 2)

a—0t a—0+ a—0t
=6(x —2")0(y —y)d(z — &)
=(x —x')
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The coordinate system described by u = constant, v = constant, and w = constant is formed from
the intersection of three planes, similar to the Cartesian coordinate system.

=
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w
w

U, V,and W are scale factors in the u, v, and w directions, respectively. In the xyz-coordinate
system,

x—x = (@ =2 )%+ (y —y)§ + (= ).
Suppose we want to use the u-axis as a ruler to measure the x — 2’ distance. The measured
length, u — v/, will be x — 2’ multiplied by U.
u—u =U(z—2)
Similarly, measuring y — yo with the v-axis and measuring z — zg with the w-axis results in
v—v' =V(y—y)
w—w =W(z—-2).

Now consider the integral of D(a;x — 2/,y — ¢/, 2 — 2’) over all of space in the limit as a — 0%,

1:/ / / §(x —x')dx dydz
= lim / / / D(ayx — 2,y —y', 2 — 2 )dxdydz
a—=0" J oo J—00 J —c0
. /oo /oo /oo 1 1 . (J,’ _ :L‘/)2 1 1 . (y _ y/)Q
a0t J oo ) oo Jooo V2T P 202 Vor a P 202
11 (z — 2')?
X {%a exp |:_M dxdydz

. /00/00/00 11 1 (u—u\?
= lim ———eXp |~ | ——
a—=0T J oo oo | V2T & P 202 U
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Make the additional change of variables, k = u — v and l = v — v’ and m = w — w'.
Y / / / k2 1 1 2
= lim — —exp | ————
a—07t 27r Oé 202072 Ve P 202V 2
[ L (Y] (Y () (dm
ama P\ T222w2 ) |\ T ) \V ) \w
i /00/00/00 2 1 k2 2 1 2
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a=0tJo Jo Jo V21« P\ " 2q202 V21 a P\ Taq2y2
" 2 1e m? dk dl dm
L T exp | Bk T B T B
Vora P\ a2 ) |\ T ) \V ) \w

2 1 V20V
e ()

2 1 V2aW
X[maﬁ( > )

e ()] [ (2]
[ (2
S [ (e ) (e [ 22)
w — w')? u v w
(o[ S o ()8 6
:algg+/_2/_2/_:1)(a;u—u’,u—v’,w_w/).UVW <dU“) (63) <c‘l;/U>

:/ / / S(u—u")o(v—0")d(w—w') - UVW dx dy dz

() () ()

Therefore,
§(x—x")=6(u—u)o(v—2)5(w—w) UVW.

www.stemjock.com

o (5) (7) ()

)



